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Abstract 

A functional equation for the motivic integral corresponding to the 
Milnor number of an arc is derived using the Denef-Loeser formula for 
the change of variables. Its solution is a function of five auxiliary 
parameters, it is unique up to multiplication by a constant and there 
is a simple recursive algorithm to find its coefficients. The method 
is universal enough and gives, for example, equations for the integral 
corresponding to the intersection number over the space of pairs of 
arcs and over the space of unordered tuples of arcs. 

1 Introduction 

Motivic integration, introduced by M. Kontsevich, is a powerful tool for ex- 
ploring the space of formal arcs on a given variety. Motivic integrals provide 
the generating series for motivic measures of level sets of some arc invariants. 
There are examples of such integrals which can be calculated explicitly (see 
e.g. p|). In more general situation the values of such integrals are unknown, 
however some of them satisfy functional equations if some auxiliary variables 
are introduced. 

In this paper a functional equation for the motivic integral which gives 
the generating series corresponding to the Milnor number of a plane curve 
is derived using the Denef-Loeser formula for the change of variables (PI)- 
Its solution is unique up to multiplication by a constant and there is a sim- 
ple algorithm to express its coefficients via the initial ones. For example it 
implies partial differential equations for the solution. This equation gives 
a method to compute the motivic measure (and, consequently, the Hodge- 
Deligne polynomial) of the stratum {/x = const} in the space of the plane 
curves. Some examples are considered in Section 4. 

A similar idea gives some other equations, for example, an equation for the 
integral corresponding to the intersection number over the space of pairs of 
arcs. Moreover, using the notion of the power structure on the Grothendieck 
ring ( 3J) we introduce a motivic measure on the space of unordered tuples 
of arcs. A curious equation for the integral corresponding to the intersection 
number in this case is derived as well. 

Some generating series with coefficients in the Grothendieck ring of vari- 
eties K Q (Varc) (or in the Grothendieck ring of Chow motives) satisfy func- 
tional equations similar to the functional equation for Hasse-Weil zeta func- 
tion. These equations, obtained by M. Kapranov ([£]) and F. Heinloth (jlj), 
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follow from the duality theory on curves and Abelian varieties. Notice that 
they have origin different from our approach. 



2 Motivic measure 

Let C = £c 2 ,o De the space of arcs at the origin on the plane. It is the set of 
pairs (x(t),y(t)) of formal power series (without degree terms). 

Let K (Varc) be the Grothendieck ring of quasiprojective complex al- 
gebraic varieties. It is generated by the isomorphism classes of complex 
quasiprojective algebraic varieties modulo relations [X] = [Y] + [X \ Y], 
where Y is a Zariski closed subset of X. Multiplication is given by the for- 
mula [X] ■ [Y] = [X x Y]. Let L G Ko(Varc) be the class of the complex 
line. 

Consider the ring ^(Vg^c)^ -1 ] with the following filtration: Fk is gen- 
erated by the elements of type [X] ■ [L _?1 ] with n — dimX > k. Let M. be 
the completion of Ko(Var c)[L -1 ] corresponding to this filtration. 

On an algebra of subsets of the space C J. Denef and F. Loeser ([2]) (after 
M. Kontsevich) have constructed a measure Xg with values in the ring Ai. 
According to this measure, one can naturally define the (motivic) integral 
for simple functions on £([2]). 

We will use the simple functions v x = Ord x(t),v y = Ord y(t) and v = 
mm{v x , v y }, defined for an arc j(t) = (x(t),y(t)). 

Let h : Y —>■ X be a proper birational morphism of smooth manifolds 
of dimension d and J = h*Kx — Ky be the relative canonical divisor on Y 
(locally it is defined by the Jacobi determinant). It defines a function ordj 
on the space of arcs on Y - the intersection number between the arc and 
the divisor. Then one has the following change of variables formula in the 
motivic integral: 

Theorem 1 Let A be a measurable subset in the space of arcs on X , 

let a be a simple function. Then 



If h is a blow-up of the origin in the plane, the relative canonical divisor 
coincides with the exceptional line, so the function ordj coincides with the 
intersection number with this line. 

3 Functional equation for Milnor number 

The Milnor number of the plane curve given by the equation {/ = 0} can be 
defined as the codimension of the ideal generated by the partial derivatives 



We shall use the following statement. 

Lemma 1 Suppose that upon after blowing up the origin the Milnor number 
of an irreducible curve is equal to fi, and the intersection number with the 




df d£ 
dx" 1 dy ' 
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exceptional divisor is equal to p. Then the Milnor number of the initial curve 
is equal to 

H + p{p- 1). 

Let 

I(t,a,b,c,d,f) = J Wb^c^cF'^ftdxg. 

Theorem 2 This function satisfies the functional equation 
lit, a, b, c, d, f) = I(t, t^aVL' 1 , b, tcdf, df 2 , f) + I(t, * _1 a6L -1 , a, tcdf, dc 2 , c) + 
+/(*, t^ablT 1 , 1, tcdf, 1, 1) ■ (L — 1). 

Proof. Let 

A(t,a,b,c,d,f) = j t»a v *b v vc v *d v * v vf v ydx9, 

J {Vy>V x } 

and note that 

/ t»a v *b v vc vl d v * v vf v ydx g = A(t, b, a, f, d, c). 

J {Vx>Vy} 

Let us compute the analogous integral over {v x — v y }. For v x = v y 

y = \ x + y, A ^ 0, > v(y). 
For A fixed /i(x(t),y(t)) = fi(x(t),y(t)), hence 



/ t»a v *b v "c v *d v * v "f v yd Xg = [ t»{ab) v *{cdf) vl dxg = 

J { Vx =Vy} J {v x =Vy} 

(L - 1) / W« (cdff-dxg = A(t, ab, 1, erf/, 1, 1) • (L — 1), 

«'{^< i >i/} 

and consequently, 

I(t, a, b, c, d, f) = A(t, a, b, c, d, f)+A(t, b, a, f, d, c)+A(t, ab, 1, cdf, 1, 1, l)-(L-l). 

Let us blow-up the origin. If v y > v x , then y(t) = x(t)9(t),9(0) = 0, 
and therefore the corresponding modifications of the curves pass through the 
fixed point p of the exceptional divisor related to the x-axis. Thus 

a*n = n + v x (v x - 1), a*v x = v x , a*v 2 x = v 2 x , 

a*v y = v y + v e , cr*v x v y = v 2 x + v x v e , a*v 2 = v 2 x + 2v x v e + v 2 g . 
Using the Denef-Loeser change of variables formula, we obtain: 

A(t, a, b, c, d,f) = j Wb^c^'^f^dxg = 

J {Vy>V X } 



J t^t-'abh- 1 )^ (tcdff* (df 2 y* v °r 2 °d Xg = I(t, r l aVL~\ b, tcdf, df, f), 
therefore 

I(t, a, b, c, d, f) = I(t, t^abh' 1 , b, tcdf, df, /)+ (1) 
I{t,r l abh~ l ,a,tcdf,dc 2 ,c) + +I(t, t^abL" 1 , 1, tcdf, 1, 1) ■ (L — 1). 

□ 

It is clear that 

I(t, a, b, c, d, f) = I{t, b, a, f, d, c) (2) 
and differentiating under the integral we get 

dl , <9 i9t y dl r d, , d r „dl r , <9 i9t 

Theorem 3 ^4 function I(t,a,b,c,d, f), divisible by abcdf , satisfying the 
functional equation J7p and the symmetry condition is unique up to mul- 
tiplication by a constant. 

Before proving Theorem 3 let us consider the following simpler example 
of an analogous functional equation for the motivic integral. Let 

f(a b)- f aWdv ~ a6L " 2 ( L ~ 1 ) 2 
f(a,b)-J^a b d Xg - {1 _ aL - 1){1 _ bL - 1 y 

Similarly to the calculations above using the change of variables formula one 
can obtain the functional equation 

f(a, b) = f(abh-\ a) + /(a&L -1 , b) + f(aVh~ l , 1) • (L — 1). (4) 

Let us describe its solutions. Note that from the definition of f(a, b) it follows 
that /(a, &)=/(&, a), /(0, 6) = 0. 

Let f(a, b) = fij a% ^ ■ Then the functional equation (jlj) can be rewrit- 
ten in the form 

j2 fnotv = /,>.< '«" j i>' + Yl /</ : " '"' h " j + ( L - !) fa L ~ laibi = 

Using the relations fj = fji, f i0 = 0, we obtain the system of recurrence 
relations on the coefficients: 

fij = L 3 'fi-j t j,i > j , > 

/« = L-*(L-l)E^,i/«- 
Below we will use a more general system of equations: 

fa CEi / j •_■[ fij. 
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Lemma 2 Let 1 — Si — Ce,i / 0, C 7^ 0, 7^ 0, e, ^ 1 for all i. Then the 
system (0J) has a non-zero solution, which is defined uniquely up to multipli- 
cation by a constant, such that fcj = fjj and /^q = 0. 

Proof. From the first equation of (jUJ) one has 

j>i j>i j>0 

Moreover, f u = Cei Y.j>o /y> so fa = C J2j>i hi tllus 

£/« = £/«-/«-E/« = /«(^-i-£), 

0<j<i j>0 j>i % 

SO 

f.. = 9li V f- 

1 1 0<j<i 

Let fn be an arbitrary non-zero number. Let us compute fy. If i ^ j, 
we can use the first equation of (JBj), and if i — j we can use the previous 
equality. In any case /y will be expressed via f k j with + 1 < i + j, so this 
process will stop and will be expressed via /n. Therefore the solution is 
unique. 

It is easy to prove that the described algorithm defines the solution to 

©• 

□ 

Let us prove Theorem 3. Consider the equation (JTJ). Let 

I(t, a, 6, c, dj)= £ gk.MteMte^c^d^fz, 

then 

E^a^C*-^/* = E kl>k2MMtk5 9k 1 MMMMXt- 1 ^- 1 ab) k ^(tcdf)^(dp)^f^ + 
£ g klMMM ,k^t- 1 h- 1 ab) k 'a k ^tcdf) k %dc 2 ) k 'c k5 + 

(L - 1) • £ ^ 1 , fc2ifc3ifc4 , fc5 (t- 1 L- 1 a6) fcl (tc#) fc3 . 

We obtain the following system of equations 

9ki, k2 MMM = ^ 3_A '' 1 L~ A '' 1 5'fc li fc 2 -fc 1 ,fe3,fc4-fc3,fc5-2fc4+fc3, if ^2 > fci, ^4 > &3, ^5 > 2A; 4 — A; 3 
9kxM,kzMM = t ki — -0 Sfe,fc4,fe 5 9k u k 2 , k 3, k iM 

9k 1 ,k 2 ,k3,k4,k 5 9k2,ki,k 5 ,k4,k3- 

(7) 

Moreover, g kl ,k 2 MMM = 0, if the collection (fci, fc 2 , fc 3 , fc 4 , fc 5 ) does not 
satisfy the inequalities 

&2 > fci, foj > &3, ^5 > 2A; 4 — ^3 

or 

k\ > k%, &4 > ^5, ^3 > 2/c 4 — fc 5 . 
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Similarly to the proof of Lemma 2, one can check that any coefficient 
could be expressed via and the solution is unique. 

Since by Theorem 2 f c t tJ, a Vx b Vy c v *d VxVy f v ydxg satisfies the equation (JTJ), 
every solution of this equation is proportional to it. 

Therefore 

I(t, a, b, c, dJ) = J2 C j[i ^ !>'<■' d' 1 < r . 

Thus (0) yields the partial differential equations (j2J). 

Let us compute #1,1,1,1,1. If v x = v y = 1, then \i = 0, so 

01,1,1,1.1 = Xg{Vx =v y = l} = (L - 1) 2 L -2 . 



4 Examples 

Recall that 

G itj (t) = ! t^d Xg . 
J v x =i,v y =j 

One can check, that the system (JTJ) gives a system of equations for G it j(t) of 
the form (JUJ) with with 

e k = t k2 - k h- k ,C = (L-l). 
Therefore one has (from the proof of lemma 2) 

'(:,;(!) I y ^ J C j<i 

Gi tl (t) = (L- 1) 2 L- 2 

Then Gi >n (t) = L _1 Gi, n _i, hence 

Gi, n (t) = (L-l) 2 L- 1 -". 

This corresponds to that fact that every arc with v x — 1 is smooth, so n — 0. 
Moreover, G 2 , n (t) = t 2 L,~ 2 G 2in _ 2 (t) for n > 2, so 

G 2 ,2n-i = t 2n " 2 L 2 - 2n G 2 ,i = (L — l)V"- 2 L- 1 - 2n . 

Every arc with v x = 2 and v y odd has the Milnor number equal to v y — 1, 
because the singularity is of Aj y -i type. 

The result for the case when v y is even is more interesting. 

G 2 , 2n (t) = t 2 - 2 L 2 - 2 "G 2 , 2 = t 2n L-^ ^^ G h2 (t) = 



1 - t 2 L- x 

k=0 



^ f 2(n+fc) L -2n-3-fc( L _ ^ 



Let us explain this answer. Making a change of variables one can obtain 
x(t) = t 2 . Let 

y(t) = a 2n t 2n + ... + a 2m+1 t 2m+1 + ..., 
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where a 2m +i is the first non-zero coefficient with odd index. Then the equa- 
tion of this curve is 

F(x, y) = x 2m+1 + (y- a 2n x n - ... - a 2m x m f + . . . = 0, 

so the Milnor number equals to 2m. Consider k = m — n. For fixed x(t) the 
measure of series y(t) with given m is equal to 

(L - l)2 L -2n-(m-n+l = ( L _ ^-to-k-l ^ 

and the measure of series x(t) with order 2 is equal to (L — l)Lr 2 . Multiplying 
these expressions, we obtain the above formula. 

Lemma 3 Let a be the greatest common divisor of i and j. Then 

G id (t) = t^-^ a -^V a -^G a , a {t). 

Proof. For % — j the formula is tautological. Suppose that it is true for i—j 
and j (i > j). Then 

G i:j (t) = if-iL-'Gi-jj = t( < -J- 1 )CJ-i)-(a-i) a +i(j-i)L 2 °-( i -J)-J'-JG 0)a (*). 

Therefore the proposition follows from the Euclid algorithm. □ 

Similarly to the discussion above one can obtain the following answers: 



a 


1 


2 


3 


4 


G a , a (t) 


(L - 1)L 2 


(L-l) 3 t 2 L- 5 


(L-l) 3 t 6 L- 7 (l+t 2 L- 1 ) 


(L-l) 3 t 12 L- 9 (l-t 2 L- 1 +t 6 L- 1 -t 8 L- 3 ) 




l-t (i h- 2 


(l-t 12 L- 3 )(l-t 2 L- 1 ) 



This table together with Lemma 3 provides Gij(t) with gcd(i, j) < 4. 

Proposition. Let a = gcd(i,j). Gij(t) is a power series of t, which coeffi- 
cients are Laurent polynomials in L. If a — 1, then 

G id (t) = (L - l) 2 ^*- 1 ^'- 1 ^-^', 

and 

Gij(t) = (L — i)3 f (<-i)(j-i)+o-iL-i-J-i + terms of higher degree in t. 



Proof. The first statement can be easily checked by induction. The case 
a = 1 follows from Lemma 3. Let us prove the formula for the case a > 1. 
One has 

fir _ i V a2 ^ a i[ ~ a 

Ga,a(t) = \_ t L U - a (GaAt) + 0(f)) = 

(L-l)t a2 - a L- a (l+0(t))((L-l) 2 L- a - 1 +0(t)) = (L-l) 3 f a2 - a L- 2a - 1 +0(f a2 -° +1 ). 
Now the statement follows from Lemma 3. □ 



7 



5 Functional equation for the intersection num- 
ber 



Let 



(1) (2) (1) (2) (1) (2) (1) (2) (l) (1) ( 2 ) (2) 

J(t,a,b,c,d,p,q,r,s)=f c(1)xc(2) m°-Va v x < b v * v v c v v v * d v v v v p v x q v v r v x s v v d Xg , 



(1) (2) (1) (2) (1) (2) (1) (2) (i) (1) (2) (2) 

B(t,a,b,c,d,p,q,r,s)=f m (i) (2) (2) * 71 ° 72 a"* v * b v * v v c v v v * d v v v v p«4 q v v r v x ' s v y d Xg , 

{ v y > v x • v y > v x } 

Note that 

<t(7i) o (7(72) = 7i o 7 2 + uiu 2 , 

hence if after blowing up the origin arcs intersect the exceptional divisor at 
different points, their intersection number equals to the product of multiplic- 
ities. 

Let us decompose x into components with respect to the inequal- 
ities between v y and v£\ and also and . 

1) vy^ > v£\v^ > vOP . By definition, the integral equals to 

B(t,a,b, c,d,p,q,r, s). 

2) 4 1} > v { x\v y 2) < vf ] . After blow -up arcs intersect the exceptional 
divisor at different points, and therefore the integral equals to 



y d Xg = 



f (1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (1) (2) 

/ t x y a x x b x y c y x d y y p x q y r x s v 

a u (bt) ik c jl d 3k p t q j r l s k {h - 1 )^-i-i-k-i = 

i<j,k<l 

(L - l) 4 $(6t, a, d, c; L _1 p, L"V), 
where $ is defined by the equation 

/3, 7, 8, 7T, k, p, a) = ^ a ik p a 'f k 6 jl ir i K i p k o l . 

i<j,k<l 

S)v y 1 ^ > v£\v y 2 ^ = . After blowing up arcs intersect the exceptional 
divisor at different points. Therefore the integral equals to 

f (1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (1) (2) (2) 

(taby k (cd) jk p i q j (rs) k (h-l) 4 h- i ~ j - 2k = (L-l ) 4 ^(tab, cd,ph~\ qh~\ rsh' 2 ), 

i<j,k 

where \I/ is defined by the equation 

V(a,/3,ir,K,p) = Oi ik P jk 7r i K j p k . 

i<j,k 
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{4 1) <4 1) ,4 2) >4 2) > 



(1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (1) (2) (2) 

fi, '< ' ffl '< 'tf>i Q Vy 'V" X ' JVy 'Vy ^ ^Vy ' ^ ' g Vy ' £ 



J2 a jk V l (cty k d il p i q i r k s l (L - i)4 L -i-i-fc-J = 

i<j,k<l 

(L - l) 4 $(ct, d, a, b, gL-^pL -1 , rh'\ sL^ 1 ). 

5)v!jp < v-x\vy 2 ^ < vf \ From the symmetry it is clear that the integral 
equals to 

f (1) (2) (1) (2) (1) (2) (1) (2) (1) (1) (2) (2) 

/ Vy ^y V X ^ Vy x V X Vy V X ^y g V X J £ , f ^ ft Q Q fi 



f (1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (1) (2) (2) 

/ t y x a x b x c y d y p q y r x s d\ 

■hi- " 



(tcdy\aby k p i q i (rs) k (h-l) 4 h- i - j - 2k = (L-l) 4 ^(terf, ab, gL" 1 ,^" 1 , rsL" 2 ). 
7)4 1) =t;£ 1) ,T4 2 >>t;i 2) . 



I -j- u x u x q u x u x Q U & u y q u x u x Q x y <p x Q 



(1) (2) (2) 

V-r Vni J 

' r x s y d\(, 



J2(tbd) ik (acy k (pq) k r l ^(L-l) 4 L- i - j ~ 2k = (L-l) 4 ^(tac, bd, rL' 1 , sh^^qh' 2 ). 

i<j,k 

8)^=t;«,t4 2 ><t;^. 

/" ^Z 1 ),/ 2 ) ,/ 1 )„^ J ,/ 1 )„^ ^U 2 ) ,„«,, f2^ „ (2) „ (2) , 

/ ^a; foV x Vy ^V x V x ^U x Vy (Z) V x V x ^,V X ^V y ^ _ 

JvP=v£\vP<vP ; g 



J2(tbdy k (acy k r j s i (pq) k (L-l) 4 L- i - j - 2k = (L-l) 4 ^(t6rf, ac, sL' 1 , rh' 1 , pqh' 2 ) . 

i<j,k 

9) v y^ — v2~\v y 2 ^ = In this case 



y (l) = XlX (l) + y(l)^W >V W^ 



Ai^0,A 2 ^0. 

a)Ai 7^ A 2 . In this case 

[{Ax, A 2 G C*|Ai + A 2 }] = [C*] 2 -[{A!, A 2 e C*|Ai = A 2 }] = (L-1) 2 -(L-1) = (L-l)(L-2), 
and for fixed (Ai, A 2 ) the integral equals to 



(1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (1) (2) (2) 

j-v x 'v x a v x 'v x 'yu x 'v x Q v x 'v x ' ^v x v x ^v x ^v x r v x g v x ^ 



(tabcd) ik (pqy(rs) k (h- ^-i-i-fc-i = 

i<j,fc<£ 

(L - l) A <S>{tabcd, 1, 1, 1; L~V?> L" 1 , L _1 rs, L _1 ). 

Therefore the contribution of the stratum {vi 1 * 1 = Vy\ = vf\\\ ^ A2} 
equals to 

(L - 1) 5 (L - 2)$(tabcd, 1, 1, 1; L -1 pg, L _1 ,L -1 rs, L _1 ). 

b)Ai = A 2 = A. Under the affine change of variables (x,y) 1— > (x,y — Ax) 
intersection number does not change, so for fixed A the integral equals to 

f (1) (2) (1) (2) (1) (2) (1) (2) (1) (1) (2) (2) 

/ t^ 2 a v * v * b v ' v * c v * v * d v * v ' p v ' q v * r v * s v ' d Xci = 

B(t, abed, 1, 1, l,pq, 1, rs, 1), 
hence the total contribution of this stratum equals to 

(L — 1)5 (i, abed, 1, 1, l,pq, 1, rs, 1). 

So we have: 

J(t,a,b,c,d,p,q,r,s)=B(t,a,b,c,d,p,q,r,s)+(L-l) 4 ^(bt,a,d,c;h~ 1 p,h^ 1 q,L^ 1 s,h- 1 r)+ 
(L-l) 4 *(tab, C( i,pL- 1 , 9 L- 1 ,rsL^ 2 )+(L-l) 4 $(ct,d,a,6, ( 3L- 1 ,pL- 1 ,rL- 1 ,sL- 1 )+ 

_B(i,d,c,6,a,g,p,s,r)+(L~l) 4 'I'(ted,a6,qL- 1 ,pL- 1 ,rsL- 2 )+ (8) 
(L-l) 4 *(tHac,sL- 1 ,rL- 1 ,pi}L- 2 )+(L-l) 4 >I'(tac,fed^L" 1 ,sL- 1 ,pgL- 2 )+ 
(h-l) 5 (h-2)$(tabcd,l,l,l;L- 1 pq,h- 1 ,L- 1 rs,L- 1 )+(h-l)B(t,abcd,l,l,l,pq,l,rs,l). 

Consider a blow-up. If v y > v x , then y(t) = x(t)9(t). So 
o"*(7i ° 72) = 7i 72 + v£>vf\ a*v£> = v£>, 
= vV^vU = + t,?\ = + „W 

Using the Denef-Loeser change of variables formula we have 

f , (1) (2) (1) (2) (1) (2) . (1) (2) (1) (2) . (1) 

B(t,a,b,c,d,p,q,r,s) = / fnon+ti «i a 4 «i 6 «i «i +«i »J c t£ »i . 

j£(!)x£( 2 ) 

x (i ^ v e ^ v o o p x q x ^ v o f x g x ' v o x Vx d~x_ — 

J(t, tabed, bd, cd, d, pqLT 1 , q, rsh, s). 

Substituting these expression for B(-) into (jSJ), we get the following state- 
ment. 

Lemma 4 The function J satisfies the functional equation: 

J(t,a,b,c,d,p,q,r,s)=J(t,tabcd,bd,cd,d,pq~L~ 1 ^rsL^" 1 ,s)+ 

{L-l) 4 $(bt,a4,c,L- 1 p,L- 1 q,L- 1 s,h- 1 r)+(L-l) i y(tab,cd,ph- 1 ,qh- 1 ,rsh- 2 )+ 
(L-l) 4 $(rf,(i,a,fe,(jL- 1 ,pL- 1 ,rL- 1 ,sL- 1 )+J(t,ta6cd,ac,af),a,pgL- 1 ,p,rsL- 1 ,r)-|- 
(L-l) 4 >I'(te(i,af),gL- 1 ,pL- 1 ,rsL- 2 )+(L-l) 4 *(tH<ic,sL- 1 ,rL- 1 ,p(jL- 2 )+ 
(L-l) 4 *(tac,H^L" 1 ,sL- 1 ,p(jL- 2 )+(L-l) 5 (L-2)$(tabc(i,l,l,l;L- 1 p ( 3,L- 1 ,L- 1 rs,L- 1 )+ 
(L-l)J(t,tabcd,l,l,l,pqL- 1 ,l,rsL- 1 ,l). 
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6 Power structures 

The notion of the power structure over a (semi)ring was introduced by S. 
Gusein-Zade, I. Luengo and A. Melle-Hernandez in [3]. 

Definition: A power structure on the ring R is a map 

(1 + tR[[t}}) xR^l + tR[[t}} : (A(t),m) i-> (A(t)) m , 

satisfying the following properties: 

1. (A(t))° = h 

2. (A(t)Y = A(t), 

3. ((A(t).B(t)r=((A(t)r.((B(t)r, 

A.{A{t)) m+n = {A{t)) m ■ (A{t)) n , 

5. (A(t)) mn = ((A(t)) n ) m , 

6. (l + t) m =l + mt+ terms with higher degree, 

7. {A(t k )T = {{A(t)T)\t^. 

A power structure is called finitely determined if for every N > there 
exists such M > that the A-jet of the series (A(t)) m is uniquely determined 
by the M-jet of the series A(t). 

To fix a finitely determined power structure it is sufficient to define the 
series (l-fT m for every m G R such that (l-t)- m " n = (1 -fp m • (1 -t)~ n . 
Over the Grothendieck ring of varieties there is the power structure, such 
that 

(1 _ t )- [x] = 1 + [S l X]t + [S 2 X]t 2 + . . . , 

where S k X = X / denotes the fc-th symmetric power of X. For example, 
for j > 

oo 

(i - t)- Lj = J2 tk ^ k3 = (! - tlJ)- 1 . 

k=0 

For X G K {Var c ), k > 0, let 

(l-t)- L - kx = (l-u)- x \ u=L - H . 

The following statement defines the corresponding power structure over 
the ring A4 

Lemma 5 The map K Q (Var c )^- 1 } -> 1 + ^(VarcJpL. -1 ] [[*]], 

z ^ (i-t)- z 

is well defined. It transforms the sum into the product and is continuous with 
respect to the filtration Fk . 

Let us construct a measure on the symmetric power S k C. For a cylindric 
set A = 7T~ l (A n ) let fi(S k A) = h~ 2nk [S k A n ] . This construction corresponds 
to the power structure over the ring A4, so 

J2^(S k A)t k = (l-t)-^ A) . 

k 
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Let Bi be a collection of non-intersecting cylindric subsets of £,let k { be 
nonnegative integers with ^2 ki — n. Then for the natural embedding 

S kl B 1 x S k2 B 2 x . . . -> S n £ 

let /^(Yii S ki Bj) = Y\ i ^,{Sk l B i ). Consider the algebra of sets generated by 
such products of symmetric powers of cylindric sets. Continuation of /i is a 
well defined additive measure on this algebra. 

Lemma 6 Let f be a simple function on C Define a function F on U k S k £ 
by the formula F^, . . . , j k ) = EL f(li)- Then 



u k s k c 



Fd Xg = -/)-"*• 



Here dx g is in the exponent to emphasize that 1 — / is considered as an 
element of an abelian group with respect to multiplication. 

Proof. Consider £ = UjBj, f\ B = fj. Then 

S k C = U kl+k2+ ... =k S k >B 1 x S k *B 2 x . . . , 

and 

F\s k iB 1 xS k 2B 2 x... = fl 1 ' f!i 2 

Therefore 



pk2 
'2 



/ =EE ms* 1 ^ x sk2B * x • • -)f*fi 

n(i + ^B^f) + ^s%)f) 2 +...)= na - m-"™ = j( i - /)■ 



d Xg 



3 
□ 



7 An equation for the intersection numbers 
on 

C x U k S k C 

Consider the generating function: 

(1) (2) (1) (2) (1) (2) (1) (2) (i) (1) (2) (2) 
I(t,a,b,c,d,p,q,r,s,u)=f CxUkSkc t-'l°~t2a v x < V* v v c v v v * d v v v v p«4 ' q v v r v x ' s v v u k d Xg . 

In this section we will obtain a functional equation for the function /. 
Let 



x kl y k2 



l[(l-x k y l u)-^ 2 = J2^M 

k>l k\,k2 

and 

Y\{l-{xy) k z l u)-^\[{l-x k {yz)^ 

k<l k>l k<l 
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a k U k2,k 3 ( u ) xkl y 

Consider 



k 2 ^3 



f (1) (2) (1) (2) (1) (2) (1) (2) (2) (2) , 

J 71 (*,a,6,c,d,r,s,«) = / t^ciT* v " V* c Vy w " V* v « r v « s v « u k d Xg = 

Ju k S k C 

I [i — ^7i°72 a 4 1) 4 2) ^4 1) 4 2) c 4 1) ^ 2) ^4 1) 4 2 V^ 2) s^ 2) M)~ dx 9 2) , 

Jew 



then 



I(t,a,b,c,d,p,q,r,s,u) = / p v * } J^(t,a,b,c,d,r, s,u)dx g 1] ■ 

Jew 

If v [ y ] > v£\ then 

f , (!) ( 2 ) (!) ( 2 ) (!) ( 2 ) (!) ( 2 ) (2) (2) % , (2) 

J 7l (t, a, b, c, d, r, s,u)= / (1-F l0 ^a 4 v " V" v * c w » 4 <f * w » r wi V» m)"^ 

•/{4 2) >4 2) } 

f /-, ^ (1) « (2) ,; (1) „ (2) L « (1) ^ (2) « (1) D (2) J« (1) l> (2) 1« (2) « (2) N-dY (2) 

/ M "j/ V X JjU X Vy ^Uy U X ^Uy Vy ^. V X y \ U^Q 

J^<vi 2 h 



x 



blow-up 
so the first integral is equal to 



(2) _ (2) (2) 

Let us blow-up the origin. By the Denef-Loeser formula d X g i— ► L Vx d\g , 



(2) , (2) 
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(l-t°- 1 M°^(tabcdy* Wv *\bd)^ d * 

£(2) 

J cr -i( 71 )(t, tabed, bd, cd, d, rsL -1 , s, u). 
The second integral equals to 

= Yl ^i,fc2(«)(^V) fcl (L- 1 s) /£2 a fcl ^ 1) (6t) fe2 ^ 1) c fcl ^ 1) d fc2 ^ 1) . 

ki,k 2 

Hence 

J 7l (£, a, b, c, d, r, s, u) = J a -i^(t, tabed, bd, cd, d, rsL -1 , s, tt) x 

ki,k 2 

Therefore we get that 



(1) (2) (1) (2) (1) (2) (1) (2) (i) (1) ( 2 ) (2) 

E(t,a,b,c,d,P,q,r,s,u)=f (1) (1) m °T2 »i ^ "w c"i d"i "i p"± V" r"* Vw « fc 



d Xg 



,W .(D 



/, (i)^ (i) x J-n(t,a,b,c,d,r,s,u)p^ q v v d\ g =^Z k h £ k 1 ,k 2 (u)(L~ 1 r) k i (L _1 s) fc 2 x 
/, (i) (i), ^-l^frtafccdMcd.d.rs^^ 

{v y >>v>j. '} y iii 

Efci.fc, efc 1 ,fc 2 («)(L- 1 r) fc i(L- 1 s) fe 2 J (1) (1) J (T _ 1 (t,tabcrf,Hc(i,(i,rsL- 1 ,s,«)x 

{Uy >^x / 
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(o fc l(M) fc 2p)4 1) (c fc lrf fc 2g)"» ^ 1) =E fcl , fc2 £fc 1 ,fe 2 («)(L- 1 r) fc l(L- 1 S ) fe 2 X 

J £ (l) Al( ^ : ^abcd . M . cd : d : rsL_ ^ S :«)(( aC ) fcl ( M^ ) fc2 P9 L_1 )^ 1 ^ cfclrffc2 9)^ 1) dX9 1) = 

Efcj.fcj £fe 1 ,fc 2 («)(L-V) fc l(L- 1 s) fc 2/(t,tabcd,fe(i,cd,d,(ac) fc l(M) fc 2pgL- 1 ,c fc ld fc 2g,rsL- 1 ,s,n). 

It is clear that the same integral over {vjjp < Vy 1 ^} equals to E(t, d, c, b, a, q, p, s, r, u). 

Let us compute the integral over {v£^ = v^}. Let y^> = Aix^ + y^. 
Then 

(1) (2) (1) (2) (1) (2) (1) (2) (2) (2) (2) 
J-,i(t,a,b,cAr,s,u)=f (2) (2) (l-t7l°T2 a 4 ; 4 V* «v c v v "± d v v v v A s v v uT^s X 

{"i ' <Vy } 

/" (1) (2) (1) (2) (1) (2) (1) (2) (2) (2) , (2) 

/ (1 _ ^71072^ 'V^'^ >Vy' 'V K X '^Vy ' Vy ' ^ ' g Vy '^WXg 

4i 2) >4 2) > 
A4 2) =4 2) } 

n fc <i(l-(*ac) fc 4 1) (6d)4 1 V* s < u )-L- fc - i (L-i)^ nfc>( (i_( oc )fc4 1 \t6d)i4 1) r fc s J u )-L- fc -'(L-i) 2 >< 

/" (1) (2) (1) (2) (1) (2) (1) (2) (2) (2) j (2) 

/ (1 _ f/l°72 a i4 'V^'^ 'Vy ^y 'V X ' JV y 'Vy ' ^ ' g Vy 'y^^Xg 

A4 2) <4 2) } 

The last integral can be decomposed into the product of integrals over {A 2 ^ 
Ai} and {A 2 = Ai}. The integral over {A 2 ^ \\\ equals to 

- (tabcd) k ^\rs) k u)- L - k - l ^Y~ 2) - 

k<l 

If Ai = A 2 = A one can make the affine change of variables Ax : (x, y) \— > 
(x, y — Ax), and therefore this integral equals to 

/ , (a) (a) (l-t A A(7i)°72( 6 c d)4 1 \ rs )4 2) u )- d 4 2) =J CT _ 1(A ^ (7i)) (t l ta 6c d,l,l,l,^L- 1 ,l,«)- 

The product of the remaining factors is equal to 

Ilfe<;(l-(*4 1) ■(ac)4 1) 'r-L- 1 ) fc ((6d)4 1) sL- 1 )^)- 1 x]! fc>! (l-((ac)4 1) rL" 1 )* 1 (r^' ■(fed)4 1) sL-iu)')- 1 x 

x - • (ac)^VL- 1 • (&tO^ ) sL- 1 )*L- , «)-< L - 2 ) = 

fc<Z 

£ a fcl , fc2 , fc 3( M )t fcl ^ 1) (ac) fc ^ 1) (rL' 1 ) fe2 (M) fc3 ^ ) ( S L- 1 ) fc3 , 

therefore 

/ J 71 (t, a, 6, c, d, r, s, u)p v ^ q v ^ dx ( g ] = 



[ d X9 (X) [ Yl ^^(rh-y^sh-^x 



„(!) 



'C* J{yW=\x( 1 )+yW} 

xJ a -i {AxM) (t,tabcd, 1, 1, l,rsL _1 , 1, M)(t fcl (ac) fc2 (6rf) fc3 pg)^ ; rfXg 1) = 



^3 X 
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xJ„-i M (t,tabcd, 1, 1, l.rsL" 1 , 1, u)(t kl (ac) k2 (M) k3 pq) v * ) dx^ = 

(L-l) f Y / a klMM (u)(rI,- 1 ) k *(sL- 1 ) k3 x 
Jew ^ 

x J 71 (t, tabed, 1, 1, l,rsL-\ 1, u)(t kl (ac) k2 (bd) k3 pqL-~ 1 ) v * ) dx { g ] = 

(L-l) Y, a klyk2yk3 {u)(rh- 1 ) k 2(sL- 1 ) k 3I(t,tabcd,l,l,l,t k i(ac) k 2(bd) k 3pq,l,rsL- 1 ,l,u). 

Combining these integrals, one obtains the following proposition. 
Theorem 4 

I(t, a, b, c, d, p, q, r, s, u) = 

Efe^faj efc 1 ,fc 2 («)(L" 1 r) fe i(L- 1 s) fc 2/(t > tob c d ) fed iC rf i d i (ac) fe i(bdt) fc 2 pg L- 1 ,c fc id fc 2 girs L- 1 ,s,n)+ 
'Eh 1 ,k 2 E HM («)(L _1 s)' i:i (L- 1 r) fe 2/(t i f a b C( i,ac,afe,a,(M) fc i(aci) fc 2pqL- 1 ,fe fc ia fc 2p irs L- 1 ,r,u)+ 
(L-l) £ a fcl , fc2ifc3 (M)(L- 1 r) fc 2(L- 1 s) fc 3/(t,ta6cd,l,l,l,t fc l(ac) fc 2(6ci) fc 3p5,l,rsL- 1 ,l,M). 
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